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ABSTRACT
There has been a continuous rise in the number of amputees over the past decades and estimates
put the number of amputees in the US alone at over 3 million by 2050. With the rising amputee
population, the development of better prosthesis is needed to return quality of life to millions.
The field of prosthetic development is active, with improved prosthesis entering the market owing
to the advent of new materials and control strategies. The improvement in sensor technology and
understanding of the bio-mechanics of the limbs have further bolstered the confidence of engineers
to provide prosthetic legs with added power and degrees of freedom allowing the amputees to run
faster, trek steeper and scale new heights.
Tensegrity, a word coined by Buckminster Fuller in the 1960s, is an amalgam of the words
tension and integrity. A tensegrity structure is a prestressable network of bars and strings with
specific boundary conditions and external forces applied at the nodes. Tensegrity structures were
introduced as an art form by Kenneth Snelson. Civil engineers paid little attention to the Tensegrity
due to absence of a full dynamical model to define it which people like Skelton provided. More
recently, the concept of tensegrity became popular with roboticists and control theorists for making
complex robots manipulated by strings as actuators. The shape control capability of tensegrity
structures without change in stiffness and the capability to provide minimal mass solutions to many
engineering problems can be exploited for various applications. In the last 25 years tensegrity
has come to be associated with various inquiries into the nature of living structure by Professors
like Donald E. Ingber, who has claimed tensegrity to be the best explanation of the working of a
cytoskeleton of the cell in his journal, ‘The Architecture of life’.
This work describes an initial effort aimed at applying the huge potential of tensegrity structures
into the field of leg prosthetics. The objective is to provide a stable and comfortable prosthetic leg
for above/below knee amputees with both strong and weak residual leg for motion in the sagittal
plane while they walk on level ground.
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1. INTRODUCTION AND LITERATURE REVIEW
1.1 Prosthesis Background
The past decades have seen a rapid growth in capabilities of both replacement prosthetics and
augmentative orthoses. In developed countries, the increased demand for prosthetic technologies is
primarily due to atherosclerosis and concomitant diabetes, i.e. circulatory dysfunctions that result
in amputations. In 2005 there were 1.6 million Americans living with limb loss, of which 54%
are owed to vascular disease [1] with trauma related events the second greatest contributing factor
(45%), and the number is expected to double to 3.2 million by 2050. From the period 1988-1996,
though the rates of amputations in the US due to trauma or cancer have fallen by half, amputations
due to vascular diseases like diabetes has grown an estimated 27% [2]. As of 2005, an estimated
185,000 amputations occur annually in the United States [3] with 82% of them due to vascular
disease. Studies also indicate that 90% of new amputations concern the lower extremity [4].
In the developing world, the needs arise from industrial and traffic trauma [5], and due to land
mines in conflict zones (either military personnel during active duty or displaced civilians returning
to land mined zones [6]). The key challenges and constraints of design for defense forces and the
physically challenged are much the same - portability and interfacing with a human operator [7].
Recent advances allow amputees with below-calf amputations to return to active life, without a
noticeable limp in day to day activities or even compete in professional sport. The remainder of
this introduction will focus on developments in prosthetics for lower extremities.
1.1.1 Types of Prosthesis
It is sometimes useful (eg. in forming impact assessments) to categorize prosthesis of lower
limbs by degree of amputation, i.e. transtibial (below the knee), tranfemoral (above the knee) and
through-the-foot prosthesis. From 1979-1996 the rates of amputations of the lower extremities
due to vascular dysfunctions (Diabetic Foot Syndrome) consistently stayed close to the range of
10-12 per 100,000 people for both transtibial and transfemoral cases. The rates of through the foot
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amputations are near 7 amputees per 100,000 people [8].
Often, amputees develop further health issues post the amputation as a result of compromised
posture and gait. Lower limb amputees have a significantly higher risk of osteoarthritis in the
knee and hip of the sound limb. Over 60% also experience back pain within two years of their
operation. Hence, prosthetic solutions are constantly evolving towards better bio-mimetic function.
The critical components of below knee and above knee prosthesis are the ankle joint and the knee
joint, of which we will briefly review available alternatives for which we introduce comparative
criteria. Clinical studies comparing prosthetic alternatives map several parameters [9]. These
parameters can be grouped into three areas of focus, these are, quality of user’s gait with the
prosthesis, the degree of effort expended in using the prosthesis, and the aesthetic preferences of
users. Below we group some of the major clinically studied parameters in these three themes.
1. Gait quality - Stride length, walking speed, cadence [10, 11, 12].
2. Patient strain/energy consumption - Heart rate, VO2 (oxygen uptake), muscle/joint power
output [13, 14, 15].
3. Patient preference and comfort- Aesthetics, human-likeness, ease of wear [16, 13] .
The parameters mentioned are by no means exhaustive. However, limiting to three key themes
provides us with a basis to compare prosthesis in today’s market. Furthermore, this comparative
basis is applicable to any type of lower limb prosthesis, i.e. prosthesis for the foot, transfemoral or
transtibial amputees.
The devices can be further subdivided on the basis of whether the prosthesis are static (of
largely cosmetic value), passive/mechanical (spring loaded or otherwise responsive) or active mi-
croprocessor controlled (partly or wholly electronically controlled) prosthesis. Active prosthesis
can be further classified by the control strategies employed by them. Not surprisingly, transfemoral
(above knee) prosthetics favor actively controlled solutions as stiff knee prosthesis leave everyday
activities such as climbing stairs or bending below the waist challenging for amputees. We will
briefly overview passive and active solutions for transtibial and transfemoral amputees.
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1.1.1.1 Below the Knee prosthetics
The advantage of passive prosthetics are that they are cheap, durable and lightweight. They are
also of interest to this study due to their simplicity, which would facilitate their interfacing with
our tensegrity system. The first example of below the knee passive prosthetics is the conventional
SACH (Solid Ankle Cushion Heel) foot [17] of which prototypes were seen as early as the 1880s,
but with concerted development in the late 1950s. The passive SACH foot is the simplest lower
limb prosthetic. To perform foot-like functions, rubberized regions bend and deform when weight
is transferred from the sound limb onto the prosthetic. This is best suited to low activity users.
It also has the advantage of being cheap, water resistant and lightweight. They also provide a
dynamic keel, i.e. allowing the forefoot to flex under load, acting as a shock absorber and giving
an extra push as the load is removed.
Several other manufacturers are also active in the market, and models with hydraulic or spring
loaded systems for more natural gait exist. Among passive prosthetics, they are the most successful
in regards to gait quality and patient strain/energy expenditure, even if high performance models
can compromise on aesthetics (not appearing as a natural foot cosmetically). Active prosthetic
Figure 1.1: Dynamic Response "J" Foot.
feet have reached remarkable capabilities, including specialized prosthetics designed for sport uses
such as running, hiking and rock climbing. Electromyographic signals measured from the resid-
ual limb have seen application in such prosthetics as a control signal for the foot position and
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Figure 1.2: Vanderbilt prosthetic design.
orientation [18].
1.1.1.2 Above the knee Prosthetics
Though effective mechanical knee types (constant friction, weight-activated stance, polycen-
tric, pneumatic, hydraulic, etc. [19, 4]) are available, which are well suited for walking and stand-
ing on even terrain, a transfemoral amputee has to make do without two complex joints, the ankle
and the knee, making climbing stairs, standing up from a seated position or other common envi-
ronments very challenging.
Advanced devices today are beginning to tackle challenging environments such as providing
stability while walking downhill, maintaining balance on unstable surfaces, climbing obstacles
and other biomimetic functions. These devices perform significantly better in terms of gait qual-
ity, however they are still energetically strenuous for users. Researchers from the University of
Massachusetts and Vanderbilt University have designed and tested an active prosthesis with pow-
ered knee and ankle with pneumatic-type actuators of high actuation potential capable of providing
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power output comparable to a natural human leg.
Control strategies were implemented that enables natural, stable interaction between the user
and the powered prosthesis [20]. Further developments from the Vanderbilt Center for Intelligent
Mechatronics include a control architecture capable of inferring the intent of the user [21], and a
prosthetic weighing less than a natural leg that enables users to walk faster and without exhaustion
for longer distances. These perform exceptionally in the first and second categories, and are be-
coming commercially viable in the third category of user aesthetics as well. Most commercially
available active prosthesis provide mobile phone applications that enable users to switch between
activity modes. Other control strategies include an echo control that tracks the sound limb and
effectively mimics its motion with a delay [22]. It should be noted that the higher the level of
complexity in the control system, the greater the technical challenges and far greater the demands
of the durability and stability tolerance for these highly complex systems.
1.1.2 Common control strategies
The earliest findings were static and mainly of aesthetic nature. Later, body-powered variants
were developed to provide the user with more natural control. These prostheses were compara-
tively cheap and allowed for basic feedback to the controlling muscles but were aesthetically less
pleasing than current prostheses. Furthermore, prolonged use applied strain and devices often
required unnatural looking movement to control [23]. To overcome those problems, externally
powered prostheses were proposed.
This class of devices is divided into switch- controlled and myoelectric prostheses. The switch-
based approach involves control similar to the body-powered devices. It allows for a quick learning
phase but lacks the feedback that body-powered prostheses provide. Myoelectric devices rely on
the electric signals that muscle activity creates [24] There are several control techniques that have
been used over time like nut control, robust control (varying velocity and stiffness with time),
impedance control and myoelectric control [25].
In most passive-dynamic studies, power comes from the potential energy gained while trajec-
tory based control provides constant actuation to move the system against its natural tendencies
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[26]. This work includes trajectory based control actuated by a bunch of strings which are stressed
to give the desired shape and stiffness to the structure or to move it to follow a desired path.
1.1.3 Limb-Prosthetic contact
Most of the above knee prosthetics consist of four main parts, socket with a liner, knee, Pylon
(lower leg), and feet as shown in figure 1.3. Some include even a shrinker that helps compressing
the entire upper limb making it ready for socket fitting and preventing edema.
Figure 1.3: Main parts of a prosthetic. 
Reprinted from https://www.fairview.org/sitecore/content/
Fairview/Home/Patient-Education/Articles/English/l/e/a/r/n/
Learning_to_Use_a_Prosthesis_88870
A crucial area of interest for both passive and active prosthetics is the socket-stump interface.
Dermatologic conditions are a frequent complication for lower-limb amputees who use a prosthe-
sis [27]. The residual tissues are unaccustomed to bearing loads, leading to acroangiodermatitis,
allergic contact dermatitis, infections, ulcerations and other skin diseases [28]. Thus, to cushion
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the transfer of load between the residual leg and prosthetic and provide additional suspension of
the prosthesis soft prosthetic liners have been developed [29]. Earlier this year, gel based liner
systems with 218 embedded electrodes [30] were developed to allow electromyographic control
for upper limb prosthesis.
The discussions on the current state-of-the-art sets the context of the field and brings to light
areas where tensegrity structure based prosthetics can contribute towards the challenges in design,
comfort and control of devices for the growing amputee population. The possible advantages shall
be discussed further in the motivations section.
1.1.4 Leg Biomechanics
Bipedal locomotion involves cyclic combinations of flexion and extension of multiple muscles,
joint torques and balancing aids like concurrent bending and arm movement. When described in
terms of simple mechanics, human gait can be explained by a double pendulum [31]. The major
joints that help in the movement of a leg are hip joint, knee and foot joints. The hip flexors, knee
extensors and dorsi flexors are for forward propulsion and the hamstring, knee flexors and plantar
flexors help in stabilization.
During the normal gait cycle, stance constitutes approximately 60% of the time and 40% of the
time is spent in the swing phase [32]. Stance phase is called the support phase where both feet touch
the ground, which can be further divided into phases like loading response (0-10%), midstance (10-
30%) and terminal stance (30-50%) as shown in figure 1.4 It starts with loading response when the
heel makes the first contact and terminates with heel of the support limb swinging away until the
heel of the opposite leg makes contact. Swing phase starts with the lift off of a support foot, called
as the initial swing (60-70%). It then goes through the mid swing phase (70-85%) and ends with
the heel striking the ground again, called as the termination step (85-100%) [31, 23]. There are
differing schools of thought regarding the role of ankle push off during the transition phase. Some
support the hypothesis that the ankle push-off primarily aids the initiation of leg swing (Meinders
et al., 1998; Winter and Robertson, 1978), while others believe its function is to redirect the body’s
center of mass to provide requisite balance during the step-to-step transition [33].
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Figure 1.4: Static poses in a gait sequence with and without prosthetic.∗
The effective body weight varies depending on the stance and alignment of the weight over the
joints space. At the beginning and end of stance, the center of mass drops rapidly toward the floor
increasing the ground reaction force to a value greater than the body weight. Whereas, midstance
the effective weight directed towards the ground is reduced. Therefore, the composite effect of
body weight is determined by measuring the instantaneous ground reaction forces and muscular
forces required to stabilize the gait (which vary by both by distribution of weight on each limb
and the alignment of body weight over the joints [23]). There is no moment added by the external
forces during the swing phase and the muscles counteract any joint moment in that period [31].
Body weight is distributed evenly between the two legs during double support phase in a
healthy human but post amputation, it is observed that the center of gravity shifts towards the
healthy leg [31].
The understanding of walking dynamics and mechanics of the foot-ground contact is also im-
portant, particularly in the design of prosthetic feet. We have in previous sections discussed some
∗Reprinted with permission from Biomechanics of Lower Limb Prostheses, by Rajt´úková, V. and Michalíková,
M. and Bednarcˇíková, L. and Balogová, A. and Živcˇák, J., 2014, Procedia Engineering, Volume 96, Page 382-391,
Copyright [2014] by Elsevier.
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of the progress made in achieving biomimetic function. Although a large number of prosthetic
foot types that approach this criteria are commercially available, there are significant gaps in the
clinical knowledge regarding the effects of different prosthetic components on various aspects of
human mobility e.g. making transfers, maintaining balance, changing walking speed, negotiating
ramps and obstacles [34].
1.2 Tensegrity Structures
Tensegrity is a word coined by Buckminster Fuller to describe structures that are made of axi-
ally loaded pre-stressed members connecting disjointed compressive members [35]. These struc-
tures can be thought of as a network of bar and string members with structural stiffness and rigidity
adjusted by a wise choice of network topology and prestress applied in the strings [36]. Tensegrity
architecture appears in many biological systems, such as the bone and muscle networks, fibrous
structural components in living cells and the molecular structure of spider fiber [36, ?]. Tenseg-
rity concepts are providing solutions to many structural problems, such as artificial gravity space
habitats [37, 38], civil engineering bridges, [39, 40] and impact structures [41]. In addition to
those dynamic studies, minimal mass properties of those structural configurations are also ana-
lyzed [36, 42]. Recent mathematical results by Skelton show that the minimal mass structure (sub-
ject to a stiffness constraint) is a tensegrity structure, for each of the five fundamental problems in
engineering mechanics: (i) structures loaded in compression, (ii) structures loaded in tension, (iii)
structures loaded in cantilevered bending, (iv) structures loaded in torsion, (v) structures loaded in
simply-supported bending.
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Figure 1.5: Multiple equilibrium paths that can be optimized for desired performance/weight/shape
a lower cost of control energy .∗
The primary advantage of Tensegrity systems is its ability to efficiently distribute the global
stresses to each component of the structure to provide net structural stability throughout the move-
ment with low control energy [43, 44]. It is a unique method in which shape change can be achieved
without a change in stiffness as the structure morphs from one equilibrium configuration to another
on the control surface [43] as shown in figure 1.5.
1.2.1 Mechanics of Tensegrity Structures
Tensegrity structures are made up of a network of bars and strings arranged in a configuration
constrained to some boundary conditions and can be subjected to external loading. If there is only
one compressive member connected to a node, the system is called Class 1 Tensegrity System. If
k compressive members connect at any node (via a friction-less ball joint), the structure is called
Class k Tensegrity System (figure 1.6). The loads in all members are directed axially; strings are
only in tension, bars (rods) are only in compression. The absence of bending in each element does
allow the bending of overall system even when no individual element bends [43].
∗Reprinted with permission from "Tensegrity Systems", by Robert E. Skelton, Mauricio C. de Oliveira, 2009,
Springer Nature, Boston, MA. Coyright [2009] Springer-Verlag US.
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Figure 1.6: Bar to bar connections in a class K tensegrity structure.∗
Tensegrity structure is actuated by the elastic force in the strings and the control variable is
the rest length of each string [45]. It is this elastic energy in the strings that provides the required
stiffness in the structure which may be lost if the strings go slack. This can be quite undesirable
especially if too many strings lose tension in the actuation process, the structure is bound to col-
lapse. To provide actuation without loss of stability of the structural system, conditions are posed
on the tension of the strings during the actuation process. An alternate way to check for stability of
a tensegrity structure can be derived based on positive definiteness of the tangent stiffness matrix,
which is the sum of linear and geometrical stiffness matrices [46].
1.2.2 Tensegrity Statics and Dynamics Formulation
In this work, static and dynamic analysis of the tensegrity structure is done with the following
assumptions:
1. Strings are massless.
2. Bars are very thin, i.e. the axial moment of inertia is negligible (in comparison to the trans-
verse component).
3. Nodes of the bars for string connections are considered to be exactly at the center of the bar.
This ensures zero torque due to the tension in the strings about the center of mass of the bar
[43].
∗Reprinted with permission from "Tensegrity Systems", by Robert E. Skelton, Mauricio C. de Oliveira, 2009,
Springer Nature, Boston, MA. Coyright [2009] Springer-Verlag US.
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The terminology of "fixing" the nodes is used frequently in this document which implies that the
degree of freedom of that node is zero.
The dynamics for tensegrity systems has been developed by Skelton and the key equations are
mentioned here in this section and a more detailed derivation is provided in the Appendix. The
readers are directed to [45] should they be interested further in detailed lemmas and their proofs.
Let us first define all the matrices and variables used in the formulation of tensegrity mechanics:
Node matrix :N = [n1n2n3......n2β],
Bar matrix :B = NCTB ,
Bar center of mass matrix :Rb = NC
T
R ,
String matrix :S = NCTS ,
T ension vector :||ti|| = ki(||si|| − s0i) + ci s
T
i s˙i
||si|| ,
Force Density vector :γi =
||ti||
||si|| ,
External force matrix :W = [w1w2w3...w2β],
F = W − TCS =W −NCTS γˆCS.
where, N is the matrix with all the nodal coordinates, CS , CB and CR are the connectivity
matrices containing (-1,0,1) describing the connection of bars, strings and the center of mass con-
nections in the structure and W is a 3x2β matrix with β being the number of bars and σ being the
number of strings.
1.2.2.1 Dynamic Analysis
If we consider a network of bars and strings subjected to some external forces applied at certain
nodes defined by matrix, W, we can formulate the dynamics of the tensegrity system using equation
1.1. Using the matrices defined earlier and writing the equations of translational and rotational
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motion for each bar in a matrix form for the entire structure, we get:
N¨M +NK = W, (1.1a)
M =
[
(CTB JˆCB + C
T
RmˆCR)
]
, (1.1b)
K =
[
CTS γˆCS − CTB λˆCB.
]
(1.1c)
1.2.2.2 Static Analysis
We can obtain the equation for static equilibrium condition by putting N¨=0 in the equation 1.1
as given below:
NK = W,
K =
[
CTS γˆCS − CTB λˆCB
]
,
λˆ = − 1
12
mˆblˆ
−2bB˙T B˙c − 1
2
lˆ−2bBT (W − SγˆCS)CTBc.
The above equation can be formulated as a linear algebra problem, AX = Y where, X is [γ, λ]T
and A can be written as [(CS ⊗ I3)Sˆ, (−CB ⊗ I3)Bˆ].
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2. MOTIVATION
Tensegrity has the potential to provide minimal mass solution with minimal control effort. With
tension in the multitude of strings as the control variable, the tensegrity prosthetic can dynamically
mimic the walking/climbing/running motions of a natural leg. This could potentially be achieved
with easier control strategies as compared to active prosthesis available today. In general, weight
of the prosthetic is directly proportional to the degrees of freedom required, which in turn demands
greater strength/control energy. A tensegrity leg, on the other hand, could achieve the same at
lower additional weight cost.
Also, nearly 100 percent of trans-tibial amputees experience chronic discomfort at the limb-to-
prosthetic interface. One of the reasons is that the residual limb often tends to atrophy, shrinking
the stump over time and the prosthetic socket no longer fits as well as when it was designed.
However, for tensegrity legs the relative distance between nodes (and consequently the fit) can be
controlled by re-configuring the string tensions for the altered shape. If successfully implemented,
it might be possible to mass produce a "one-size-fit-all" prosthetic which can readily be configured
(in height and width) for any user. Without each user requiring a custom built socket and leg, it
could drive costs down significantly.
The design of tensegrity prosthesis would also enhance the development of tensegrity orthotics,
i.e. the development of augmentative devices for the physically challenged who do not require
amputations. It would also play a role in rehabilitation post injury, as well as in post-operative
care and rehabilitation of lower limb amputee patients, acting as a brace/support while they get
accustomed to using traditional prosthesis.
Therefore, the aim is to explore the concept of Tensegrity for light and stable artificial legs
that can be externally actuated for normal human-like gait in the sagittal plane, on a flat surface.
Application of tensegrity systems in prosthesis is a concept currently being explored by certain
institutes and manufacturers, but no product has been successfully launched in the market.
This document is divided into three major sections that will follow; Case Study, Results, Sum-
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mary and Conclusion. Case Study is further divided into subsections where preliminary design
studies and their corresponding static equilibrium analysis is executed, the proposed design of the
prosthetic is explained in detail along with its structural and dynamic equilibrium analysis for the
two phases of gait and controller design is described for gait simulation.
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3. CASE STUDY
3.1 Preliminary design studies
Prior to finalizing the design for the prosthetic leg, analytical solutions to some simpler 2D
structures were evaluated to get an insight that helps in formulating the design parameters for the
final design. All of these structures are put into a class and are named as scissor structures in this
document for ease of reference.
3.1.1 For the Symmetric 2D ’X’ structure
Let the length of two planar rods L1 = L2 = L and r1 = r2 = r
Figure 3.1: 2D Scissor Structure.
where r is shown in figure 3.1. Suppose, the overlap ratio is β
β =
r
L
(3.1)
Assuming (0,0) divides the two bars in the ratio (r:L) and using, L−r
L
= 1−β
β
sinα = v
L−r , we have,
v = L(1− β) sinα (3.2)
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since, cosα = h
L−r , we can evaluate the height as,
h = L(1− β) cosα (3.3)
Using the properties of similar triangles,
v′
v
=
r
L− r =
β
1− β =
h′
h
v′ = Lβ sinα (3.4)
h′ = Lβ cosα (3.5)
Where v, v′, h, h′ are defined as the y and x coordinates of the bars respectively. Therefore, we can
form the Nodes vector matrix and connectivity matrices for the structure as:
N = L

(β − 1) cosα (1− β) cosα β cosα −β cosα(β − 1) sinα (β − 1) sinα β sinα −β sinα

 (3.6)
Cb =
−1 0 1 00 −1 0 1
 (3.7)
Cs =

−1 1 0 0
0 −1 1 0
0 0 −1 1
1 0 0 −1

(3.8)
Where N is the node matrix, Cb is bar connectivity matrix and Cs is string connectivity matrix.
using B = NCbT
B = L

cosα − cosαsinα sinα

 (3.9)
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where B is the Bar vectors matrix.
using S = NCsT
S = L

2(1− β) cosα (2β − 1) cosα −2β cosα (2β − 1) cosα0 sinα 0 − sinα

 (3.10)
using NK = W since N¨ = 0
SΓCs−BΛCb = 0 (3.11)
where Γ and Λ are diagonal matrices with each diagonal element representing force densities γi
and λj .
Linear algebra problem AX = b is formulated and null space of A is explored, where,
A = [SCsi BCbj], X =
γiλj
 and b = Wk, external force per node
The equilibrium equation was solved for constant β = 0.1 and varying α. For a zero external
force, infinite solutions exist for the problem AX = 0 as A has one null space associated with free
variable λ2, the force density in the second bar.
It is observed that the null space does not change for varying alpha while it varies for any
change in β. Random values between 5o and 60o were chosen to get the normalized null space as:

0.0123
0.0111
1
0.111
0.111
0.111

Solving manually, the relations found between the force densities are:
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γ4 = λ1 = γ2 = λ2, γ3 =
1− β
β
γ4, γ1 =
β
1− βγ2 (3.12)
3.1.2 For the Symmetric 3D ’X’ structure
This subsection extends the 2D structure defined in the previous section into a 3D structure.
The 3D structure is formed by connecting the two 2D scissor structures using a common non planar
rod. Refer figure 3.2.
Figure 3.2: 3D Symmetric Scissor Structure.
Length of the two planar rods is L and the length of the non-planar rod is Ls. Variables r, v, v′,
h, h′ and β are same as in the previous section. Therefore, forming the Nodes vector matrix and
connectivity matrices for the structure.
N = L


(β − 1) cosα (1− β) cosα β cosα −β cosα
(β − 1) sinα (β − 1) sinα β sinα −β sinα
−Ls
2L
−Ls
2L
−Ls
2L
−Ls
2L

 (3.13)
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N ′ = L


(β − 1) cosα (1− β) cosα β cosα −β cosα
(β − 1) sinα (β − 1) sinα β sinα −β sinα
Ls
2L
Ls
2L
Ls
2L
Ls
2L

 (3.14)
Nv =
 0 0−Ls Ls
 (3.15)
Where, N , N ′, Nv are the node matrices for the first structure, second scissor structure and the
non planar rod respectively. Therefore, Node matrix for the entire 3D structure can be expressed
as below:
Figure 3.3: 3D Symmetric Scissor Tensegrity Structure.
Nstr =
{
N Nv N ′
}
(3.16)
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Cbstr =

Cb 02×6
Cbo 02×4
02×6 Cb
 (3.17)
Where, Cbstr is the bar connectivity matrix. Cb is defined in Section 1.
Cbo =
{
0 0 0 0 −1 1
}
.
The string connectivity matrix is broken down into two sections. One is the strings connecting
nodes of the respective scissor structures and the second consists of the coupling strings between
the two scissors.
Cscoupling =

−1 0 0 0 0 0 1 0 0 0 0 0
0 −1 0 0 0 0 0 1 0 0 0 0
0 0 0 −1 0 0 0 0 0 1 0 0
0 0 −1 0 0 0 0 0 0 1 0 0
0 −1 0 0 0 0 1 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 1 0 0
0 0 0 −1 0 0 0 0 1 0 0 0

Csstr = Cs+

 024×10Cscoupling

 (3.18)
Where Csstr is string connectivity matrix for the structure and Cscoupling defines the coupling
strings connectivity.
using NK = W since N¨ = 0
Sstr Γ Csstr −Bstr Λ Cbstr = 0 (3.19)
where Bstr and Sstr are calculated using B = NstrCbstrT and S = NstrCsTstr.
The equilibrium equation was solved for constant β = 0.1 and varying α. For a zero external
force, infinite solutions exist for the problem AX = 0 as A has 13 null spaces associated with free
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variables γ24, γ25, γ26, γ27, γ28, γ30, γ31, γ32, λ1, λ2, λ3, λ4, λ5.
The null space did not change for the varying alpha (the angle between two planar bars). ’α’ is
picked to be any random value between 5o and 60o as shown in figure 3.4. The null space changes
for different values of β.
Figure 3.4: Force densities in bars and strings for symmetric 3D scissor structure.
3.1.3 Asymmetric 3D Scissor structure
The length of two planar rods L1 = L2 = L and the overlap ratio
β1 =
r1
L
, β2 =
r2
L
(3.20)
where r1, r2 are shown in figure 3.6.
If the rods intersect at (0,0), using the section formula x1r1+x3(L−r1)
L
= 0
x3 = (
β1
(β1 − 1))x1 (3.21)
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Figure 3.5: View 1 of Tensegrity Prosthetic with strings numbered
Similarly,
y3 = (
β1
(β1 − 1))y1, x4 = (
β2
(β2 − 1))x2, y4 = (
β2
(β2 − 1))y2 (3.22)
Let φ and φ′ be the angles that the first and second bars make with the x-axis respectively. α is
the angle between two planar bars as shown in figure 3.6.
tanφ =
y3 − y1
x3 − x1
φ′ = pi− (φ+ α)
y4 = − tanφ′x4, y2 = − tanφ′x2 (3.23)
Also, we know,
(x4 − x2)2 + (y4 − y2)2 = L2
this leads to
x22 =
L2(β2 − 1)2
sec2 φ′
(3.24)
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Figure 3.6: 3D Asymmetric Scissor Structure.
Coordinates of the non coplanar bar is computed using the previously calculated coordinates.
x5 =
x1 + x2
2
, y5 = (
y1 + y2
2
)
Therefore, node coordinates matrix for one asymmetric scissor structure defined by inputs of
β1, β2, α, ψ, x1 is
N =

x1 L(β2 − 1) cosφ′ β1β1−1x1 β2L cosφ′√|(L2((1− β1)2)− x21))| L(β2 − 1) sinφ′ β1β1−1y1 β2L sinφ′
−Ls
2
−Ls
2
−Ls
2
−Ls
2

N ′ =

x1 L(β2 − 1) cosφ′ β1β1−1x1 β2L cosφ′√|(L2((1− β1)2)− x21))| L(β2 − 1) sinφ′ β1β1−1y1 β2L sinφ′
Ls
2
Ls
2
Ls
2
Ls
2

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Figure 3.7: View 2 of Tensegrity Prosthetic with initial string configuration.
Nv =

x5 x5
y5 y5
−Ls
2
Ls
2

Nstr =
{
N Nv N ′
}
3.2 Gait Formulation
Gait is modeled separately as per its two phases i.e. Stance phase and Swing phase. Simulation
is run for one gait cycle where the cycle initiates with the stance phase followed by the transition
phase and then swing for just one leg. Transition phase encapsulates the three sub-phases (terminal
stance, double support and pre-swing) that occur when the leg moves from stance phase to the
swing phase. Different poses of the leg during one gait cycle are configured using the hip angle (φ)
and knee angle (α). The anthropometric characteristics of the individual used for modeling gait
are listed in table 3.1 and the parameters of the modeled gait cycle are listed in table 3.2.
∗Transition time denotes the time taken to obtain the transition from stance phase to swing phase which includes
time for double support, pre-swing time and terminal stance.
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Weight of the individual(Wt) 600 kgf
Mass of the lower leg+foot 6.05 % of Wt
Length of the leg 550mm
Length of the thigh 250mm
Knee dimensions 75mm × 50mm
Table 3.1: Individual’s Anthropometrics.
Gait Speed 10 sec per gait cycle
Step length 660mm
Swing time 4 sec
Stance time 5.95 sec
Transition time ∗ 0.05sec
Table 3.2: Gait Cycle Parameters.
Swing phase can be approximately modeled after a damped double pendulum as shown in the
figure 3.11 while the stance phase can be modeled using a damped inverted pendulum as shown
in figure 3.12. As the foot is not modeled in the design, the transition phase is modeled using
static analysis for the series of poses defined by a range of hip (φ) and knee angles (α) selected
for the transition time. The details regarding dynamics, boundary conditions and design parameter
Phase Initial phi Initial alpha Final Phi Final alpha
Stance 33o 7.9o −3.5o 33.8o
Swing −0.67o 40.6o 32o 7o
Transition −3.64o 34.47o −0.65o 40.5o
Table 3.3: Initial Hip and knee angles to configure the three gait phases; Stance, Swing and Tran-
sition.
selection associated with each phase are elaborated in the following sections. Strings in the sub-
sequent sections are called active and passive depending on whether they are actively actuated by
the controller in a particular phase. Different sets of strings are active or passive in different phases
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depending on the boundary conditions. These redundant strings can be pre-stressed for additional
set of optimal gammas to stabilize the pose and to avoid slack in the strings.
3.2.1 Non-linear least squares Curve Fitting
A mathematical procedure for finding the best-fitting curve to a given set of points is by min-
imizing the sum of the squares of the offsets ("the residuals") of the points from the curve. The
logic behind using the the sum of the squares of the offsets in place of the offset absolute values is
to allow the residuals to be treated as a continuous differentiable quantity. This however can lead
to a disproportionate effect on the fit due to outliers.
3.2.1.1 Linear Least Squares
Gauss’s linear least squares fitting technique is the simplest and most commonly applied form
of linear regression for finding the optimum choice for unknown parameters to solve for an es-
timated xˆ that minimizes the residual error, e [47]. If we have a measurement equation of the
form
y = a0x0 + a1x1 + .....amxm + e
, we can write this in vector form as
Y = HX + E
where E is a vector comprising of the measurement error and Xˆ are the estimated values for X.
The cost function thus becomes :
J =
1
2
ETE
which can be written as,
J =
1
2
(YTY− 2YTHXˆ + XˆHTHXˆ)
Using the necessary conditions of optimality from variational calculus, we get
Xˆ = (HTH)−1HTY (3.25)
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The above approach assumed equal weights for the least square fitting which may not be ideal since
the measurements are not generally made with equal precision. In such cases, a positive definite
weighting matrix,W , is used to get a better fit of the data. After incorporating the weighting matrix
in the equation 3.25, we get
Xˆ = (HTWH)−1HTWY (3.26)
Nonlinear least squares fitting is often times achieved by iteratively applying linear least squares
to a linearized form of the function until convergence is achieved [47]. Non-linear least square
curve fitting is also done using certain basis functions.
3.2.1.2 Fourier approximation
Fourier approximation uses least square estimation while utilizing orthogonal basis functions.
A Fourier series is a harmonic expansion of sines and cosines expressed as:
y(t) = a0 +
∞∑
n=1
an cos(nωt) +
∞∑
n=1
bn sin(nωt) (3.27)
On multiplying the above equation with cos(ωt) and integrating from 0 to T where T is the
final time, we get
∫ T
0
y(t) cos(ωt)dt = a0
∫ T
0
cos(ωt)dt+a1
∫ T
0
(cos(ωt))2dt+...+b1
∫ T
0
y(t) cos(ωt) sin(ωt)dt+...
(3.28)
Since, sines and cosines are mutually orthogonal, every integral on the right side of the equation
3.28 is zero except the (cos(ωt))2 term. Therefore,
a1 =
∫ T
0
y(t) cos(ωt)dt∫ T
0
(cos(ωt))2dt
(3.29)
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Similarly, all the coefficients can be computed as
an =
2
T
∫ T
0
y(t) cos(nωt)dt (3.30a)
bn =
2
T
∫ T
0
y(t) sin(nωt)dt (3.30b)
where n defines the order of Fourier functions chosen for data fitting. Care must be taken about
keeping number of data points used for the curve fitting greater than (n+ 1).
3.2.1.3 Evolution of Hip and knee angles
The evolution of knee and hip angles are usually obtained by taking images of a healthy sub-
ject fitted with photo-sensitive markers. The pose of the individual is obtained by using chain
kinematics with the help of the change in the relative positions of the markers and the velocity of
the subject. This data is available in some of the standard libraries or is made available by some
of the authors in their journals. In this work, this data is taken from [48] and is fitted using upto
8th order Fourier series by least square approximations to obtain a curve shown in figure 3.8. The
coefficients of the fourier functions are listed in the table 3.4. The coefficients of the functions
used to approximate the data on hip and knee angles for both stance and swing are given in the
table 3.4.
These expressions are derived as a function of gait cycle percentage and are fed into tensegrity
dynamics to calculate the reaction forces and eventually control the proposed prosthetic tensegrity
structure to generate an approximation to human gait.
3.2.2 Evolution of Ground reaction forces
The Vertical Ground reaction force data is taken from the table data given in [48]. The data is
fitted into a polynomial function such that it matches the given ground reaction profile following
the least square estimation using fourier functions explained in section 3.2.1 .
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Parameter Swingφ Swing α Stanceφ Stance α VGRF LGRF
w 0.9335 0.8518 0.7199 0.7168 0.7583 0.8102
a0 17.52 20.45 14.3 22.55 0.09657 0.6114
a1 -18.26 13.56 21.28 5.329 0.08528 -0.4508
b1 9.506 35.64 3.186 -16.7 -0.07396 0.3309
a2 -1.832 4.667 -0.05438 -13.5 0.01786 -0.06295
b2 5.252 12.51 -4.072 -2.341 -0.118 0.4438
a3 2.149 4.354 -1.998 -5.442 -0.06537 0.08095
b3 -0.02299 -6.853 -0.2706 4.067 -0.09295 0.04492
a4 -0.4205 -2.942 -0.522 -0.5265 -0.07765 0.01994
b4 -0.4152 0.102 0.722 2.393 -0.02274 -0.02835
a5 -0.03795 0.0546 0.02918 0.04408 -0.04473 -
b5 0.09035 0.3735 0.2689 0.3513 0.01149 -
a6 - - - - -0.01487 -
b6 - - - - 0.01607 -
a7 - - - - -6.278e-05 -
b7 - - - - 0.01027 -
a8 - - - - 0.003786 -
b8 - - - - 0.002035 -
Table 3.4: Fourier parameters for leg angles and external forces.
3.2.3 Dynamics of Swing and Stance via damped pendulum mechanics
The following sub-sections describe the equivalent kinematics and dynamics of the stance and
swing phase of the gait using a damped double pendulum and inverted double pendulum respec-
tively.
3.2.3.1 Swing Phase Dynamics
Assuming [e˜1,e˜2] is the frame moving at a constant velocity with respect to the inertial frame.
r1 = 0
r2 = −l cosφe˜2 + l sinφe˜1
r3 = −l cosφe˜2 + l sinφe˜1
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Figure 3.8: Evolution of φ and α for the respective gait cycles.
V = m1g(0)−m2gl cosφ−m3g(l cosφ+ l cosα) (3.31)
r˙2 = φ˙(l cosφ)e˜1 + l sinφe˜2
r˙3 = (φ˙(l cosφ) + α˙(l cosα))e˜1 + (φ˙(l sinφ) + α˙(l sinα))e˜2
T =
1
2
m1r˙
2
1 +
1
2
m2r˙
2
2 +
1
2
m3r˙
2
3,
T =
1
2
(m2 +m3)φ˙
2l2 +
1
2
m3α˙
2l2 +m3l
2φ˙α˙ cos(φ− α)
(3.32)
Evaluating Lagrangian by L = T − V ,
L =
1
2
(m2 +m3)φ˙
2l2 +
1
2
m3α˙
2l2 +m3l
2φ˙α˙ cos(φ− α) + (m2 +m3)gl cosφ+m3gl cosα
(3.33)
d
dt
∂L
∂φ˙
− ∂L
∂φ
= −c1φ˙
d
dt
∂L
∂α˙
− ∂L
∂α
= −c2α˙
(3.34)
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Figure 3.9: Fitted Vertical ground reaction force curve.
(m2 +m3)l
2φ¨+m3l
2α¨ cos(φ− α) + (m2 +m3)gl sinφ+m3l2α˙2 sin(φ− α) = −c1φ˙ (3.35)
m3l
2α¨ +m3l
2φ¨ cos(φ− α) +m3gl sinα−m3l2φ˙2 sin(φ− α) = −c2α˙ (3.36)
φ¨w =
−m3l2α¨w cos(φw − αw)− (m2 +m3)gl sinφw −m3l2α˙2w sin(φw − αw) + c1φ˙w
(m2 +m3)l2
(3.37)
α¨w =
−m3l2φ¨w cos(φw − αw)−m3gl sinαw +m3l2φ˙2w sin(φw − αw) + c2α˙w
m3l2
(3.38)
3.2.3.2 Stance Phase Dynamics
Stance phase can be modeled as a damped inverted pendulum with external forces like the
weight of the individual and friction.
V = m1g(0)−m2gl cosφ−m3g(l cosφ+ l cosα) (3.39)
r˙2 = φ˙(l cosφ)e˜1 + l sinφe˜2
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Figure 3.10: Fitted Lateral ground reaction force curve.
r˙3 = (φ˙(l cosφ) + α˙(l cosα))e˜1 + (φ˙(l sinφ) + α˙(l sinα))e˜2
L =
1
2
(m1 +m2)α˙
2l2 +
1
2
m1φ˙
2l2 +m1l
2φ˙α˙ cos(φ−α)− (m1 +m2)gl cosα−m1gl cosφ (3.40)
d
dt
∂L
∂φ˙
− ∂L
∂φ
= −d1φ˙
d
dt
∂L
∂α˙
− ∂L
∂α
= −d2α˙
(3.41)
α¨t =
−m2l2φ¨t cos(φt − αt) + (m1 +m2)gl sinαt −m2l2φ˙2t sin(φt − αt) + d1α˙t
(m1 +m2)l2
(3.42)
φ¨t =
−m2l2α¨t cos(φt − αt)−m2gl sinφt +m2l2α˙2t sin(φt − αt) + d2φ˙t
m2l2
(3.43)
where φw and αw are angles that hip and knee make with e˜2 respectively in the swing phase.
Similarly, φt and αt are hip and knee angles for the stance phase. m1, m2 and m3 are the masses
of hip, knee and foot respectively. c1, c2, d1 and d2 are the torsional damping coefficients.
Post balancing the force and torque acting on the system in both the phases, the following
relations are derived.
Rw = R1e˜1 +R2e˜2
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Figure 3.11: Swing Phase modeled as double pendulum.
R1 = −m2g sin(αw)−m3g(sin(αw) + sin(φw)) + c1φ˙w + c2α˙w
R2 = (m1 +m2 +m3)g
(3.44)
Rt = Rf1e˜1 +Rf2e˜2
Rf1 = Wt +m1g(sin(αt) + sin(φt)) +m2g sin(αt) + d1α˙t + d2φ˙t
Rf2 = (m1 +m2 +m3)g
(3.45)
Where Rw and Rt are reaction forces in the swing and stance phases respectively and Wt is the
weight of the individual.
3.3 ProTense Design Scheme
The prosthetic leg consists of 5 bars with 2 bars (Bar 1 and Bar 3) being strapped to the thigh
of the individual and the other two (Bar 2 and Bar 5) represent the lower leg. One bar (Bar 3) is
placed at the back of the knee on which the leg is cradled. The schematic is shown in figure 3.13
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Figure 3.12: Stance Phase modeled as inverted double pendulum.
where it can be observed that Bar 3 is aligned with the z-axis.
There are two concepts on which the prosthetic leg is modeled. The first design (ProTense
Design A) assumes that the knee amputee has healthy hip muscles and is controlled according to
the inputs received from the hip. The second design (ProTense Design B) is built for the individuals
who need additional support for the movement of the upper leg owing to weak hip/thigh muscles.
The boundary conditions, string configuration and the actuator energy are different for both the
design approaches, Design A (section 3.4) and Design B (section 3.5).
3.3.1 ProTense Fitting
ProTense can be visualized as two bars strapped on the sides of a thigh of an individual with the
help of Velcro and two bars strapped to the lower leg if present (see figure 3.15). The motors that
pull the strings will be attached to the individual’s lower torso. The weight of the entire structure
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Figure 3.13: Protense Design A View 1.
Figure 3.14: Design A (left) B (right).
with motors and electronics is not calculated but the structure weighs approximately 1kg. The
individual will wear a thin sleeve over which the bars will be placed to minimize the build up of
uncomfortable stress on the skin. The fifth bar is placed such that it presses against the lower half
of the upper thigh in case of an above knee amputee. For Design B, there are two strings emanating
from each side of the hip to support the prosthetic structure as shown in figure 3.14. The string
nodes are attached to the lower most area of the torso.
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Figure 3.15: A demonstration of ProTense Design A fitting.
3.3.2 Coordinate System
Different schemes for finding the coordinates of the nodes in the inertial frame are formulated
for stance and swing to mimic the motion of a leg while walking. We begin the simulation at the
start of the stance phase where the initial foot coordinates in the inertial frame are user provided.
The foot remains planted on the ground in the stance phase and the position of the foot at the end
of stance is fed to model the transition phase i.e. End stance, double support and pre-swing. Since
ankle is not modeled in the design, the foot coordinates are assumed to remain constant during
the transition phase. The scheme of coordinate system is the same for both stance and transition
phases.
3.3.2.1 Stance Phase
Keeping in mind figure 3.6, the overlap ratio of the two bars can be denoted by variables,
β1 =
r1
L
β2 =
r2
L
.
x2 = L cosψ(β2 − 1) cos θ (3.46)
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where ψ is the angle that bar 2 makes with the x-axis in x-z plane. since bar 2 makes an angle θ
with the x-axis,
y4 − y2 = (x4 − x2) tan θ
On substituting the above equation in the length constraint equation and simplifying,
(x4 − x2)2 + (y4 − y2)2 = L2 cos2 ψ
we get, x4 = x2 +L cosφ cosψ and y4 = (x4 − x2) tan θ+ y2. If bar 1 and bar 2 projected on x-y
plane intersect at xi and yi, we can use the section formula to write,
xi = (1− β2)x4 + β2x2
yi = (1− β2)y4 + β2y2
On applying the section formula for bar 1, x1 and x3 can be written as,
x3 = xi− β1L cos(φ)
x1 =
xi− (1− β1)x3
β1
Since bar 1 makes an angle φ with the x-axis,
y3 = yi+ β1 tan(φ)(x3 − x1)
y1 =
yi− (1− β1)y3
β1
x5 = xi− ax
y5 = yi− ay
z4 = −0.35Ls
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z2 = z4 + L sinψ
where ax and ay are design parameters that vary for different phases and gait cycle percentage.
3.3.2.2 Swing Phase
Taking the hip nodes (x1, y1) obtained at the end of the stance phase as the initial position of
the hip in the swing phase. Assuming bar 1 makes an angle φ and bar 2 makes an angle of θ with
the x axis, the coordinates of bar 1 can be computed as follows,
x3 = x1 − L cosφ
y3 = y1 + tanφ
(x1)
2 + (y1)
2 = L2(1− β1)2
y1 = x1 tanφ
which leads to
x1 = L(1− β1) cosφ
y3 = (
β1
(β1 − 1))y1
x3 = (
β1
(β1 − 1))x1
(x4 − x2)2 + (y4 − y2)2 = L2 cos2 ψ
We know,
θ = 180− α− φ
where θ is the angle that bar 2 makes with the x-axis.
x2 = L cosψ(β2 − 1) cos θ
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y2 = x2 tan θ
x4 = x2 + L cosψ cos θ
y4 = (x4 − x2)tanθ + y2
x5 = xi− ax
y5 = yi− ay
where design parameters are β1, β2, ψ, ax and ay whereas, α and φ are variables.
The new node matrix will be constructed on the basis of new x,y and z coordinates in the
following sections where Protense design A and B are introduced.
3.3.3 Design Parameters selection
The position parameters in this formulation are β1, β2, ax, ay and ψ. The dimensional param-
eters are length of the planar bars, length of the non-coplanar bar and bars’ outer and inner radii.
The length of the planar bars is determined by the anthropometric measurements of a 50 percentile
male and the dimension of the non-coplanar bar is chosen to facilitate the placement of the human
knee width wise. The anthropometric data used to design the structure is given in table 3.1. The
decision about the radii and material properties of the bars and strings is taken after conducting
a static analysis of the structure, as discussed in section 5.2. The selection of ax and ay is made
on the basis of positioning of the non-coplanar bar as per the height of amputation such that the
bar always presses against lower portion of the above extremity. The variables are φ and α are
approximated from human gait data to form functions in time.
3.3.4 String Elimination technique
Initially, the design had 5 bars and 32 strings for Design A and 42 strings for Design B. The
degrees of freedom of the structure when no node is fixed is 25 (5 degrees of freedom per bar).
This provides an opportunity in reduction in number of strings as well as optimization of actuator
energy by removing the strings that are entirely redundant. One of the standard techniques for
40
selecting sensors and actuators is executed by using information architecture for bounded control
energy and desired output co-variance. An ad-hoc method was developed in this work for the
preliminary elimination of redundant strings which is described below:
The following steps were undertaken to obtain a feasible null space with all positive force
densities:
• Step 1: Pick a null space with lowest number of negative or positive force densities. Aim is
to obtain a null space with all the non zero values having same sign.
• Step 2: Eliminate the strings corresponding to the negative/ positive force densities.
• Step 3: Run the analysis again and obtain new null spaces.
• Step 4: Repeat Step 2 and Step 3 till you obtain a non trivial null space with all negative/
positive force densities.
• Step 5: Check if the resulting structure seems physically feasible and forces balance out.
• Step 6: If the structure does not seem stable, restore one or two strings back into the structure
to make the structure feasible.
• Step 7: Check if you still obtain at least one non trivial null space with all negative/ positive
force densities.
• Step 8: Keep repeating Step 6 and Step 7 till you obtain a desired configuration of bars and
strings.
For example, static equilibrium was checked for with β1 = 0.1 and β2 = 0.3 with varying α
(80o - 150o) with 32 strings initially.
Nodes 1 and 7 are fixed to the ground and non-coplanar bar is not allowed to translate or rotate.
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The matrix with external forces is given below:
W =

−60 60 0 0 0 0 −60 60 0 0
0 0.6 0 0 0 0 0 0.6 0 0
0 0 0 0 0 0 0 0 0 0

There were 13 null spaces bases found associated with free variables;
γ22, γ24, γ25, γ26, γ27, γ30, γ31, γ32, λ1, λ2, λ3, λ4 and λ5 where strings 25 to 32 are the coupling
strings.
Starting from 32 strings, the strings were eliminated as per the steps listed above. This resulted
in the number of strings being reduced to just 14 strings. The total degrees of freedom of the
system is 5x5=25 and number of constraints are 11, thus the available degrees of freedom are 14.
The null space at this point was one. The existence of one null space indicates that there are infinite
solutions for force densities that satisfy the static equilibrium condition for the structure and thus
provides some scope for optimization.
The final connectivity matrix indices found are as follows:
Cis =
2 3 4 1 3 4 8 9 6 64 1 5 5 5 9 10 7 9 10

Ccis =
4 28 10

The above matrices can be read as string 1 is connected from node 2 to node 4 and string 2 is
connected from node 3 to node 1 and so on.
Above method was used to initially reduce the number of strings in ProTense for both designs A
and B but owing to different boundary conditions and external forces in case of different phases, the
above technique did not prove very useful. Additionally, some redundant strings are also needed
for stability during dynamics which are added through trial and error.
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The method that was finally used for preliminary string elimination is given below:
Step1: Run the static analysis for the entire range of motion for all combinations of α and φ.
Step2: Note the minimum norm solution given by MATLAB’s function linprog for each of the
configurations.
Step3: Eliminate the strings that are consistently accounting for zero force densities.
Step4: Check again for static equilibrium with eliminated strings.
The number of strings required for dynamic equilibrium are mostly more than that for the static
due to addition of inertial forces, therefore additional strings are added post running the dynamic
simulation.
3.3.5 Selection of structural properties for bars and strings
There are three materials considered for the bars; Aluminium, Brass and Carbon fibre whereas
two materials are considered for the strings; Steel and Spectra. The properties of all materials are
listed in Table 3.5. Same material and sizes are used for the bars and strings for both Design A and
B.
Material Young’s Modulus Density Yield Strength
Steel 180 GPa 8050kg/m3 250MPa
Aluminium 68.9 GPa 2700kg/m3 240 MPa
Brass 110 GPa 8400kg/m3 395MPa
Carbon fibre 228 GPa 1600kg/m3 757MPa (compressive)
Spectra 117GPa 970kg/m3 2.4GPa
Table 3.5: Material Properties.
First, radius of the bars and strings are determined using the static equilibrium by checking
against the yielding and buckling conditions as given in equations 3.48. The resulting radii are
then doubled and fed into the dynamic simulation to iteratively determine the minimal feasible
mass for the structure as is described in the flow chart, 3.16.
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Fb =
Epi3r4o
4l
(3.47)
γisi < σs × A (3.48)
Where, Fb is the maximum buckling force the bar can take before buckling, E is the Young’s
modulus, σs is the yield strength of the material for bar or string, ro is the outer radius, l is the
length and A is the area of the bar/string.
Figure 3.16: Mass Determination Flow Chart.
Minimum radius of the strings for no yielding is 0.88 mm. Final material selected for the simu-
lation is Aluminium for bars and Spectra ( ultra high molecular weight polyethylenefor strings. The
selection of the radii of the bars and strings is decided after dynamic analysis and are mentioned
separately for both, Design A and B in their respective sections.
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3.3.6 Control of ProTense
The algorithm for the same is depicted in the flow chart in figure 3.17.
Figure 3.17: Algorithm to control Protense.
3.3.6.1 Pseudo Static Controller
Pseudo Static Controller was used as a preliminary control technique to check if a particular
configuration can be achieved by rest length control for a series of different α and φ. Target rest
lengths were obtained by interpolating the rest lengths obtained from conducting static equilibrium
analysis on configurations posed by selected α and φ that span the entire range of motion of a leg.
Rest length of each string act as the control variable to obtain different configurations. A plot
showing the variation of 16 rest length values as α and φ varies in 50% stance and swing cycles
are shown in figure 3.18 and figure 3.19 respectively.
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Figure 3.18: Rest length for swing plotted against alpha.
3.3.6.2 Second Order Error Dynamics Controller
Once the position of the target nodes to follow the gait trajectory are known, a second order
differential equation is written in the error (E) between the current and target positions as
E = Y − Y¯ (3.49)
E = LNR− Y¯ . (3.50)
where L is an Ina matrix with na defining the number of axes (x,y,z) the nodes are desired to
be controlled in, R (n × nt) picks the nodes that are to be controlled and Yt is a (na × nt) matrix
with n being the number of nodes and nt used for the number of target nodes.
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Figure 3.19: Rest length for stance plotted against alpha.
The second order differential equation to derive the error to zero can be written as
E¨ + ΨE˙ + ΘE = 0 (3.51a)
LN¨R+ΨLN˙R + Θ(LNR− Y¯ ) = 0 (3.51b)
L(W + ΩP T−NK)M−1R + ΨLN˙R + Θ(LNR− Y¯ ) = 0 (3.51c)
where ψ and Θ are the control parameters to tune the frequency and damping of the second
order system in E. From the previous derivation in section 5.2, we can substitute,
K = (CTs γˆCs − CTb λˆCb) (3.52)
λˆ =− 1
12
mˆblˆ
−2bB˙T B˙c − 1
2
lˆ−2bBT (W − SγˆCs)CTb c
If we take the ith diagonal of λ, we get
λi = −mbil−2i ||b˙i||2 −
1
2
l−2i b
T
i (W + ΩP
T )CTb ei +
1
2
l−2i b
T
i S
̂(CTs CTb ei)γ (3.53)
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The equation 3.53 can be written as a linear function of γ, thus we can write
λ = Λγ + τ (3.54)
where, ith row of Λ can be written as
Λithrow =
1
2
l−2i b
T
i S
̂(CTs CTb ei)
τi = −mbil−2i ||b˙i||2 −
1
2
l−2i b
T
i (W + ΩP
T )CTb ei
i = 1, 2 ..... β
On substituting λˆ in equation 3.52, we can re-write equation 3.51c in the form

Γ1
Γ2
...
Γnr

γ =

µ1
µ2
...
µnr

, (3.55)
where,
Γi = LNC
T
s
̂(CsM−1Rei)− LNCTb ̂(CbM−1Rei)Λ (3.56)
µi =
(
L(W + ΩP T )M−1R + ΨLN˙R + Θ(LNR− Y¯ )
)
ei + LNC
T
b
̂(CbM−1Rei)τ (3.57)
Equation 3.55 can be posed as a linear algebra problem which can be solved to find the least
square solution in MATLAB using the lsqlin function,
Min
γ
||Γγ − µ||2
s.t. γ ≥ 0
(3.58)
The above controller is full order where all nodes positions, velocities and accelerations are fed
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into the controller without providing the knowledge about the nodes that are constrained. Above
controller dynamics can be written in reduced order form to provide a better controller that uses
more accurate information regarding the system constraints.
3.3.6.3 Reduced Order Second Order Error Dynamics controller
The nodal coordinate matrix N can be transformed into a reduced order subspace using the
transformation N=[ η1U1 η2U2], where η2 is associated with the nodes that are fixed and η1 is
associated with the free nodes and U=[U1, U2] is a unitary matrix obtained from singular value
decomposition (SVD) of P. The resulting error equation can be updated as:
E = L[η1 η2]U
TR− Y¯ . (3.59)
Following the formulation of equation 3.51c, the second order differential equation can be
re-written in terms of new coordinates η1 and η2 from equation 3.59.
E¨ + ΨE˙+ΘE = 0 (3.60)
Lη¨2U
T
2 R + αLη˙2U
T
2 R+Θ[L(η1U
T
1 + η2U
T
2 )R− Y¯ ] = 0 (3.61)
L(WU2 − η1UT1 KU2 − η2UT2 KU2)M−12 UT2 R+αLη˙2UT2 R + Θ[L(η1UT1 + η2UT2 )R− Y¯ ] = 0
(3.62)
On rearranging the above equation, we get,
L(η1U
T
1 KU2+η2U
T
2 KU2)M
−1
2 U
T
2 R = C (3.63)
C , LWU2M−12 UT2 R+αLη˙2UT2 R + Θ[L(η1UT1 + η2UT2 )R− Y¯ ] (3.64)
Further, on substituting K = (CTs γˆCs − CTb λˆCb), we realize that the equation is linear in γ and
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can be posed as linear program problem as

Γ1
Γ2
...
Γnr

γ =

µ1
µ2
...
µnr

, (3.65)
where,
Γi = LNC
T
s
̂(CsMRei)− LNCTb ̂(CbMRei)Λ
µi = Cei + LNCTb ̂(CbMRei)τ
C = LWU2M−12 UT2 R + αLη˙2UT2 R + Θ[L(η1UT1 + η2UT2 )R− Y¯ ]
M = U2M
−1UT2
i = 1, 2 ... nr
3.4 ProTense Design A
ProTense Design A is built for individuals with a disabled lower leg and a healthy upper leg.
This design essentially works to transfer the momentum from the residual leg to move the pros-
thetic such that it follows the gait of a healthy person. Stance phase constitutes almost 60 % of the
gait cycle for walking of an healthy individual. Assuming 1 % of gait is achieved in 0.1 seconds,
the time needed to complete the stance phase is 6 seconds.
3.4.1 Layout
The structure of ProTense consists of 5 bars and 32 strings with 2 bars representing the upper
leg and two bars for the lower leg. The fifth bar is used to cradle the leg and acts as the virtual
knee.
Node matrix for design A can be written as:
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NAlst =

xi−(1−β1)x3
β1
L cosψ(β2 − 1) cos θ xi − Lβ1 cosφ x2 + L cosψ cos θ
yi−(1−β1)y3
β1
x2 tan θ yi + β1(x3 − x1) tanφ y2 + (x4 − x2) tan θ
−0.4Ls z4 + L sinψ −0.4Ls −0.35Ls

NAust =

x1
xi−(1−β2)x4
β2
x1 − L cosφ x2 + L cosψ cos θ
y1
yi−(1−β2)y4
β2
y1 + (x3 − x1) tanφ y2 + (x4 − x2) tan θ
0.4Ls −z4 − L sinψ 0.4Ls −0.35Ls

NAlsw =

x1
xi−(1−β2)x4
β2
x1 − L cosφ x2 + L cosψ cos θ
y1
yi−(1−β2)y4
β2
y1 + (x3 − x1) tanφ y2 + (x4 − x2) tan θ
−0.4Ls z4 + L sinψ −0.4Ls −0.35Ls

NAusw =

x1
xi−(1−β2)x4
β1
x1 − L cosφ x2 + L cosψ cos θ
y1
yi−(1−β2)y4
β2
y1 + (x3 − x1) tanφ y2 + (x4 − x2) tan θ
0.4Ls −z4 − L sinψ 0.4Ls −0.35Ls

[NAust, N
A
ust] and [N
A
lsw, N
A
usw] are the matrices defining the lower and upper scissor node ma-
trices for stance and swing respectively. The derivation of the above nodal matrices is given in
section 3.3.4. xi and yi are the point of intersection of the two bars which are parametrized using
ax and ay. The values of ax and ay change at different points of the gait phases. For swing, ax = 10
and ay = 50 throughout the phase while for stance,
[ax, ay] =

[10, 50], for first 60% of stance
[5, 50] for next 10% of stance
[10, 60] for next 5% of stance
[10, 50] for last 25% of stance
(3.66)
x1 and y1 in swing are taken as the hip coordinates at the end of transition phase which is same
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as that at the end of stance as the hip node is fixed as we enter from stance into transition phase.
3.4.2 String configuration
Total number of strings in the structure are 25 with different strings getting active in different
phases of the gait while the other strings remain passive (slack). The terminology of active and
passive strings is explained in the section 3.2 and the final string configuration is shown in 3.20.
The connectivity matrix for design A for bars and strings are given by CAb and C
A
s as:
Figure 3.20: Design A with final string configuration. Black numbers show string number and blue
digits indicate respective node numbers.
CAb =
1 2 5 7 83 4 6 9 10
 (3.67)
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CAs =
2 3 4 1 2 3 4 1 2 3 4 8 9 10 5 5 5 5 6 6 6 6 43 4 1 5 5 5 5 6 6 6 6 9 10 7 7 8 9 10 7 8 9 10 10

(3.68)
3.4.2.1 Stance
There are in total 17 strings that experience non-zero force density during the entire phase
while there are some strings that get active only for a small portion of the gait. The remaining 8
strings always remain slack. The resulting string configuration can be defined as:
Csst =
3 4 1 4 1 2 3 4 9 10 5 5 5 6 6 6 44 1 5 5 6 6 6 6 10 7 8 9 10 7 9 10 10
 (3.69)
The strings experiencing maximum force density are S6, S9, S15 and S14.
3.4.2.2 Transition phase
Transition phase as expected, uses the minimum number of strings since only static equilibrium
for this phase is modeled. All the strings get active in at different time steps of the transition phase.
Cst =
2 3 4 1 2 3 4 2 8 9 10 5 6 6 6 43 4 1 5 5 5 5 6 9 10 7 8 7 8 9 10
 (3.70)
3.4.2.3 Swing
There are 18 strings that get active during the swing phase at some or the other time instant in
the swing cycle. The most important strings are S10, S13, S16 and S19 which can be read from
the string configuration matrix given below:
Cssw =
2 3 4 1 2 3 1 2 4 8 9 10 5 5 5 5 6 6 43 4 1 5 5 5 6 6 6 9 10 7 7 8 9 10 8 10 10
 (3.71)
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3.4.3 Boundary conditions and External Forces
Design A assumes that Bar 1 and Bar 3 are strapped on individual’s residual leg. One node
of each of the bars is connected to the hip and the free node provides a point of attachment for
the strings to control the prosthetic. This provides a channel for transferring momentum from the
residual leg to the prosthetic.
3.4.3.1 Stance
Stance phase observes the foot being planted firmly on the ground while the upper extrem-
ity reorients to complete a step. Therefore, the nodes that are fixed for the stance phase are
[N1, N2, N3, N7, N8, N9], leaving only four free nodes. The primary external forces that act dur-
ing the stance are the weight of the person and the ground reaction force and can be written with
respect to the nodes index as
−Wt V GRf 0 0 0 0 −Wt V GRf 0 00 −LGRf 0 0 0 0 0 LGRf 0 0

where, Wt denotes the weight of the individual, V GRf is the vertical ground reaction force and
LGRf is the lateral ground reaction force.
3.4.3.2 Transition phase
Transition phase is modeled with one of the bar nodes of bar 1 and bar 3 fixed to the hip and
the other node is kept free to move. Therefore, bars 1 and 3 have 2 degrees of freedom. The
corresponding constraint matrix and the external force matrix can be written as
[N1, N7]−Wt V GRf 0 0 0 0 −Wt V GRf 0 00 −LGRf 0 0 0 0 0 LGRf 0 0

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3.4.3.3 Swing
Swing phase comprises of the no-ground-contact portion of the gait phase where design A
assumes that bar 1 and bar 3 are affixed to the thigh such that they move as the individual moves
his upper leg and the strings attached to this bars pull the prosthetic’s lower bars to complete the
phase. External forces considered in this phase are the reaction forces on the hip node and the
mass of the leg/ prosthetic depending on whether the individual is amputated or not. The resulting
constraint matrix and external forces matrix can be formulated as
[N1, N3, N7, N9]Rf1 −
mLg
2
0 −mLg
2
0 0 Rf1 −mLg2 0 −mLg2
Rf2 0 0 0 0 0 Rf2 0 0 0

whereRf1 andRf2 are the reaction forces on the hip in the x and y directions and are evaluated
in section 3.2, using a damped double pendulum and mL is the mass of the leg or prosthetic.
3.4.4 Static Equilibrium Analysis
Using the above matrices for nodes, connectivity matrices, external forces and constraints, the
structure is checked for static equilibrium for the entire range of φ and α angles to produce one
complete step of the gait profile. Using the equation NK = W , we can convert it into a linear
algebra problem, Ax = b. Matrix A is column rank deficient which indicates infinitely many non-
zero values of x that can satisfy the equilibrium equation. Using the simplex algorithm of linprog,
the problem is posed in MATLAB as
Minimize CTx
subject to :
Ax = b,
x ≥ 0,
(3.72)
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where C is a column matrix of dimension (ns+nb) consisting of all ones with nb and ns denot-
ing the number of bars and strings in the structure respectively. x is a column matrix comprising
of all the force densities (λ and γ). Since we desire to have all the strings in tension and bars in
compression, the non-negativity constraint is put on the force densities. b is a column matrix of
external forces and A is defined as the componentized NCTs Csi−NCTb Cbi , as explained in section
5.2. The resulting optimal equilibrium γs are noted for the entire gait cycle which can be fed into
the dynamic simulation. The profile for the equilibrium γs is calculated separately for each phase
according to their different boundary conditions and external forces as are depicted in figure 3.21a
and figure 3.21b. The black lines are the bars and dotted red are the strings. The green lines in the
figure indicates the direction of the external forces, and the black dot indicates the nodes that are
fixed.
(a) Stance phase. (b) Swing phase.
Figure 3.21: Phase wise design A boundary conditions, external forces and strings configuration
in x-y plane. All the strings are not shown.
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3.4.4.1 Stance
Owing to the boundary conditions, there is no net external force on the structure due to which
the minimum force densities required in all the strings for static equilibrium is zero.
3.4.4.2 Transition phase
Transition phase is modeled by obtaining static equilibrium at every point and the optimal force
densities (γ) are recorded to be used as controller inputs. The profile of equilibrium γ for transition
phase is shown in figure 3.22b.
Transition phase from stance to swing is modeled from the 58% to 61% part of the gait cycle
which includes terminal stance, double support and pre-swing phases. The external forces that act
on the foot as lateral and vertical ground reaction force are applied on Nodes 2 Node 8. Equal and
opposite force is applied on the Hip node (Nodes 1&7). The torque, acting on the structure due
to the external forces described above, is balanced by a torque (equivalent to Hip Torque applied
in real) expressed by two forces acting on the hip bar (Bar 1 and Bar 4) as shown in the figure
3.22a. The green lines in the figure indicates the direction of the external forces and the black dot
indicates the nodes that are fixed.
3.4.4.3 Swing
There are 18 active strings used in swing with corresponding equilibrium force densities vary-
ing as displayed in the figure 3.23.
3.4.5 Controlled Dynamics
Dynamic simulation is run only for stance and swing. A second order controller is designed by
writing a second order differential equation in the variable E, which denotes the error in the posi-
tions of the nodes from desired targets. The underlying theory and derivation of the error second
order equation (3.73) in terms of node coordinates (NA), force densities (γA, λA), constraint (ΩA)
and external forces (WA) is derived in the section 3.4.3.
E¨A + ψE˙A + ΘEA = 0 (3.73)
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(a) Transition phase for Design A with boundary con-
ditions, external forces and strings configuration in x-
y plane.
(b) Equilibrium force density in strings (γ) for swing
phase in design A post static analysis.
Figure 3.22: Static analysis of transition phase for design A.
where EA = Y A − Y At , the expressions for which differ for both the phases and are described
in separate paragraphs below. The control parameters ψ and Θ play a crucial role in defining
the characteristics of the error profile in terms of damping, rise time, overshoot etc. Different
parameters are chosen for stance and swing to get an overdamped system for both the phases.
3.4.5.1 Stance
As can be recalled from sub-section 3.3.6,
Y Ast = LN
A
stR
A
st (3.74)
RAst =
{
1 2 3 7 8 9
}
Control parameters ψ = 18 and Θ = 30 were selected for a resulting dynamical system with
damping coefficient (η = 1.04). The error profile for all the nodes for stance is shown in figure
3.24. The evolution of γ calculated by the controller using linear least square algorithm are shown
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Figure 3.23: Equilibrium force density in strings (γ) for swing phase in design A post static anal-
ysis.
in figure 3.27.
3.4.5.2 Swing
Similarly, for swing phase
Y Asw = LN
A
swR
A
sw
where,
RAst =
{
1 3 7 9
}
ψ = 18 and Θ = 30 leading to a damping coefficient (η = 1.04) was used for swing. The error
profile for the all the nodes for swing is shown in figure 3.26.
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Figure 3.24: Evolution of errors in nodal coordinates for some gait % in stance for design A.
Figure 3.25: Evolution of γ for some discrete points of the gait cycle in the stance phase.
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Figure 3.26: Evolution of errors in nodal coordinates for some gait % in swing for design A.
Figure 3.27: Evolution of γ for some discrete points of the gait cycle in the swing phase for Design
A.
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where L is a 3x3 identity matrix.
3.5 ProTense Design B
ProTense Design A is built to cater to the needs of an above/below knee amputee with a weak
residual leg. This design has additional strings which are fixed at one end to the lower part of the
torso to work like the hip muscles of a healthy individual. Four additional string nodes are added to
the design. These nodes are fixed on the lower torso of the individual and were inspired by how hip
muscles contract to provide the requisite torque for walking. A representative picture of activation
of flexure and extensor muscles in a cat is shown in figure 3.28 The resulting node matrix looks
like:
NBlst =
( xi−(1−β1)x3
β1
L cosψ(β2−1) cos θ xi−Lβ1 cosφ x2+L cosψ cos θ x1−10 x1+10
yi−(1−β1)y3
β1
x2 tan θ yi+β1(x3−x1) tanφ y2+(x4−x2) tan θ y1−50 y1+50
−0.4Ls z4+L sinψ −0.4Ls −0.35Ls −0.4Ls −0.4Ls
)
NBust =
(
x1
xi−(1−β2)x4
β2
x1−L cosφ x2+L cosψ cos θ x1−10 x1+10
y1
yi−(1−β2)y4
β2
y1+(x3−x1) tanφ y2+(x4−x2) tan θ y1−50 y1+50
0.4Ls −z4−L sinψ 0.4Ls −0.35Ls 0.4Ls 0.4Ls
)
NBlsw =
(
x1
xi−(1−β2)x4
β2
x1−L cosφ x2+L cosψ cos θ x1−10 x1+10
y1
yi−(1−β2)y4
β2
y1+(x3−x1) tanφ y2+(x4−x2) tan θ y1−50 y1+50
−0.4Ls z4+L sinψ −0.4Ls −0.35Ls −0.4Ls −0.4Ls
)
NBusw =
(
x1
xi−(1−β2)x4
β1
x1−L cosφ x2+L cosψ cos θ x1−10 x1+10
y1
yi−(1−β2)y4
β2
y1+(x3−x1) tanφ y2+(x4−x2) tan θ y1−50 y1+50
0.4Ls −z4−L sinψ 0.4Ls −0.35Ls 0.4Ls 0.4Ls
)
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Figure 3.28: Muscular activation shown for a cat during normal walking.∗
3.5.1 Strings configuration
Since the design B is modeled to control more degrees of freedom, it has more number of
actuators (strings) in comparison with design A. The string configuration is shown via numbered
strings and nodes in figure 3.29. The connectivity matrix showing string indexing for Design B
can be written as:
CBss =
1 2 3 4 1 2 3 4 1 2 3 4 7 8 9 10 5 5 5 5 6 6 6 62 3 4 1 5 5 5 5 6 6 6 6 8 9 10 7 7 8 9 10 7 8 9 10

CBsh =
 3 3 4 5 6 9 9 1011 12 11 13 13 14 14

CBc =
1 2 4 4 1 2 37 8 10 9 8 7 9

CBs =
{
CBss C
B
sh C
B
c
}
∗Reprinted with permission from "Tensegrity Systems", by Robert E. Skelton, Mauricio C. de Oliveira, 2009,
Springer Nature, Boston, MA. Coyright [2009] Springer-Verlag US.
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Figure 3.29: Design B with final string configuration. Black numbers show string number and blue
digits indicate respective node numbers.
where, CBss are the strings that denote bar to bar connections, C
B
sh denotes the strings connecting
the hip nodes (string nodes) to bar nodes and CBc is used for the strings coupling strings between
the two scissor structures. The configuration remains more or less the same for all the phases. It is
observed that almost all 39 strings in design B participate at different times of each phase though
some strings are in higher tension for actuation than others in the three phases which are detailed
below.
3.5.1.1 Stance
During stance, the strings that are actuated the most are strings S3, S10, S18 and S20.
3.5.1.2 Swing
Since foot nodes (Node 2 and Node 8) are not fixed in swing as they are in stance, the strings
that experience highest tension are the strings connecting the non-coplanar bar to the knee nodes
(nodes 3,4,9 and 10) and the strings connecting the foot to the knee.
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3.5.2 Boundary conditions and External Forces
External forces applied here are identical to the external forces applied in design A but the
boundary conditions differ for design B as shown in table 3.6.
(a) Stance. (b) Swing.
Figure 3.30: Force densities resulting from static equilibrium analysis for design B.
Phase Boundary Conditions
Stance [N2, N8, N11, N12, N13, N14]
Swing [N1, N7, N11, N12, N13, N14]
Transition [N1, N7, N11, N12, N13, N14]
Table 3.6: Phase-wise boundary conditions displaying the fixed nodes in design B.
3.5.3 Static Equilibrium Analysis
As explained in section 3.4.4, static equilibrium was tested with the described external forces,
boundary conditions and set of actuators for all three phases. Equilibrium γ plotted for the entire
gait cycle are shown in figures 3.30a, 3.30b and 3.31.
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Figure 3.31: Static equilibrium force densities γ for transition phase.
3.5.4 Controlled Dynamics
Second order error dynamics controller was used to control the structure to obtain desired string
force densities to produce a gait profile. The x,y and z coordinates of the nodes that were controlled
in swing and stance are:
RBst =
{
3 4 5 6 9 10
}
RBsw =
{
2 3 4 5 6 8 9 10
}
With the ψ = 1500 and Θ = 10, the system is overdamped with evolution of node errors
(‖E = Yi − Yti‖) plotted in figure 3.32 for stance and 3.33 for swing as the controller brings the
errors to zero and the evolution of all force densities is shown in figure 4.1a.
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.Figure 3.32: Evolution of errors in nodal coordinates for design B for some gait % case in stance.
Figure 3.33: Evolution of errors in nodal coordinates for design B for some gait % case in swing.
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4. NUMERICAL SIMULATION AND RESULTS
Tensegrity Prosthetic leg was built for above/below knee amputees for individuals with working
hip muscles (Design A) and weak hip muscles (Design B). Second order controller was used to
control the movement of the two designs to match the gait of an individual on flat ground.
4.1 Numerical Simulation
A customized integrator that uses fixed time steps was used to integrate the velocity and accel-
eration of the nodes of the bars. Bar length correction was done at each time step of the integrator to
ensure constant bar length throughout the simulation. For faster decay of error especially for Pro-
tense design B, the step size chosen for the integrator was of the order (1e-5) to curb the growing
numerical error.
4.1.1 Bar length correction
Due to growing numerical errors while integrating this highly non-linear problem, the bar
length of the bars change numerically. Since, the bars are considered rigid in this formulation,
the positions of the nodes have to be corrected additionally using the least square algorithm given
by Skelton et al.
Therefore, to resolve the discrepancies in bar length constraints in equations, bT b 6= l2, bT b˙ 6= 0,
Skelton introduces ’p’ and ’r’ as correction vectors for the two equations respectively and evaluate
’p’ and ’r’ vectors using the theorem given below:
Theorem: For any given b, b˙
Minimize J(p, r) = q||p||2 + ||r||2 (4.1)
subject to ||b + p|| = l, (4.2)
(b + p)T (b˙ + r) = 0 (4.3)
68
p =lv − b (4.4)
r =− vvT b˙ (4.5)
v =[cI+ b˙b˙
T
]−1qlb (4.6)
x4+a3x
3 + a2x
2 + a1x+ a0 = 0 (4.7)
a3 =2||b˙||2 (4.8)
a0 =(ql)
2||b˙||2((bT b˙)2 − ||b||2||b˙||2) (4.9)
a1 =2(ql)
2((bT b˙)2 − ||b||2||b˙||2) (4.10)
a2 =||b˙||4 − (ql)2||b||2 (4.11)
4.2 Results
The major objective of an efficient prosthetic is to add aesthetic, physical and psychological
value to the patient’s experience such that the artificial leg mimics the real leg as closely as possible.
The two designs proposed in this study are essentially built for individuals with different levels
of disabilities. Since the control of Protense design B is more independent of the movements of the
individual, the evolution of its string force densities at different % of gait cycle is more comparable
to forces experienced when biological muscles are activated.
The final mass of the prosthetic design was found to be 1.15Kg. To quantify how well the gait
trajectory is followed in Design A & B, the errors at accrued at every 1 % of gait progression is
expressed in terms of mean and standard deviation values. Figures 4.2 and 4.3 depict the evolution
of mean and standard deviation in error values for the entire gait for design A and B respectively.
This helps in giving some understanding of the evolution of errors at every time step and provides
some bounds the error profile adheres to, while producing 100% of target gait trajectory.
Entire gait is discretized by 1% gait advances and the tension in the strings is normalized by
the maximum string tension at that discretized point. The strings are color coded in figure 4.9
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(a) Evolution of the force densities for stance phase. (b) Evolution of the force densities for swing phase.
Figure 4.1: Force density profiles during swing and stance for design B.
for swing and stance phase for both design A & B, to categorize the amount of tension in all the
strings. Here, red indicates maximum extension, purple marks the second most tensed strings,
yellow the third most tensed and green marks the least tensed strings, while grey lines indicate all
the other strings. The strings that are maximally loaded in design B vary for different gait % but
the strings connecting the non-coplanar bars with the scissor bars is always among the strings that
experience maximum tension. The node connectivity pertaining to each string can be read from
the string configuration index matrix given in equation 3.75.
The forces on the nodes of the non-coplanar bar are recorded to measure the amount of pressure
and equivalent discomfort the bar causes to the residual leg and are depicted in figure 4.5a and 4.5b.
This pressure in a comfortable range can be considered desired from a psychological point of view
of the amputee. The identically zero force experienced at the nodes 5 & 6 post mid stance can be
considered to be resulting from the vertical alignment of the foot with the torso during midstance.
As the load profile shifts and the alignment of the body changes from pre-stance to post stance, the
strings holding the non-coplanar bars are tensed in a way that the net force on the nodes 5 and 6
is zero indicating that the non-coplanar bar is softly resting against the back of the knee. The net
ground reaction force on the foot is checked by measuring the net force on node 2 of the structure
as shown in figure 4.4. This is comparable to the ground reaction force experienced by the foot
during stance as shown in figures 3.9 and 3.10.
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Figure 4.2: Mean and standard deviation of errors for design A for the entire gait.
Figure 4.3: Mean and standard deviation of errors for design B for the entire gait.
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Figure 4.4: Profile of reaction force (N) experienced on Foot node (2 and 8) for design A
(a) Profile of reaction force (N) experienced on non-
coplanar bar node 5.
(b) Profile of reaction force (N) experienced on non-
coplanar bar node 6.
Figure 4.5: Force exerted by non-coplanar bar at the back of the knee/residual leg for design A.
(a) 5% Gait cycle
(stance) in Design A.
(b) 30% Gait cycle
(stance) in Design A.
(c) 58% Gait cycle
(stance) in Design A.
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(a) 65% Gait cycle
(swing) in Design A.
(b) 80% Gait cycle
(swing) in Design A.
(c) 98% Gait cycle
(swing) in Design A.
(a) 5% Gait cycle
(stance) in Design B.
(b) 30% Gait cycle
(stance) in Design B.
(c) 58% Gait cycle
(stance) in Design B.
(a) 65% Gait cycle
(swing) in Design B.
(b) 80% Gait cycle
(swing) in Design B.
(c) 98% Gait cycle
(swing) in Design B.
Figure 4.9: Highlighted strings for the entire gait for designs A & B.
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5. SUMMARY, CONCLUSIONS AND FUTURE SCOPE
5.1 Summary and Conclusion
The current work focuses on the mathematical and computational aspects of a tensegrity leg
with the potential to obtain human like gait in the sagittal plane. Two designs are proposed in the
study with design A catering to the requirements of an amputee with a functional upper leg and
Design B for individuals with a weak residual leg. We could match the gait of the prosthetic as per
the data of a walking healthy individual for both design A and B. The data was discretized into %
gait cycle with 1% increments to achieve one step. Design A requires input from the upper leg of
the individual to control the lower leg prosthetic for following the gait trajectory while design B
assumes complete control with strings acting like the muscles of individual’s lower body.
The strings of the prosthetic design are actuated by a motor where each string is assumed to re-
quire an individual motor. The motors can be fitted on the lower part of the human torso, away
from the point of actuation. This freedom in placement of motors reduces the the control energy
requirement needed to lift the weight added by the motors as compared to when they are attached
to the leg in the case of traditional prosthetic. The two thigh bars are considered to be strapped on
the thighs of the individual but the physical fitting of the prosthetic on the leg and the placement
of sensors and motors have not been evaluated.
This work is a computational demonstration of how a human leg can be replaced by an equiva-
lent tensegrity prosthetic supporting the beliefs of Dr. Stephen Levid MD, who coined the term
’biotensegrity’. This work is in line with his idea of applying the concepts of tensegrity modelling
to biological structures where the bones are like compression elements floating in the interstices of
a complex tension network.
5.2 Future Scope
Design A and B can be considered as preliminary designs which have a huge scope of im-
provement. Firstly, in order to make this prosthetic operational for amputees, foot modelling is not
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only necessary but also one of the most challenging task. Secondly, improved controller for faster
gait ( 1 sec per step) is also of prime importance for a natural walking gait. Thirdly, placement of
motors and determination of the total weight of the prosthetic along with the weight of motors and
electronics is the next logical step.
Here, the simulation is done using cylindrical bars but for better fitting, the bars can be shaped
(like bone-shaped) to increase the area of contact with the skin to reduce skin stresses at leg-
prosthetic interface. In fact, smaller bars with K-class joints can be used to model the prosthetic
for better adherence to the profile of the upper leg. Dynamics for tensegrity systems with mas-
sive strings has been developed by Skelton and should be used for a more realistic model of the
prosthetic.
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APPENDIX A
Single Bar Dynamics Consider a vector r locating the center of mass of the rod of length l = |b|,
where b is the vector along the rod.
Figure 5.1: Single Bar showing bar vector, external forces (f1,f2), center of mass vector(rb).
Translational Dynamics
mr¨ = f1 + f2, (5.1)
Rotational dynamics Using the Euler equations of motion, we can write the angular momentum
expression for the bar about its mass center.
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h = Iω (5.2)
=
ml2
12
(
b× b˙
l2
)
(5.3)
h =
m
12
b× b˙, (5.4)
Here, we have used the relationship between ω, the angular velocity of rod b, and vectors b
and b˙:
ω =
b× b˙
‖b‖2 . (5.5)
The time rate of change of the angular momentum vector h is equal to the sum of torques
τ acting on the rod member about its center of mass. The resulting torques due to the forces
illustrated in 5.1, we get:
h˙ =
m
12
b˙× b˙ + m
12
b× b¨, (5.6)
=
m
12
b× b¨, (5.7)
h˙ = τ, (5.8)
=
1
2
b× (f2 − f1). (5.9)
m
12
b˜b¨ =
1
2
b˜(f2 − f1). (5.10)
where a˜ expresses a skew symmetric matrix formed by the components of vector a.
Since, the bars are considered rigid in this formulation, the length (l) of the bars do not get
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altered.
bTb = l2 (5.11)
On differentiating the constant length constraint of Equation 5.11 twice and appending it with the
derived rotational dynamics in equation 5.10, we get:
b˙
T
b + bT b˙ = 0 = 2bT b˙ (5.12)
bT b¨ = −b˙T b˙. (5.13)
The length constraint (Equation 5.13) and rotational dynamics (Equation 5.10), both in terms
of b¨ can be re-expressed in matrix form as:
 b˜
bT
 b¨ =
 6m b˜(f2 − f1)
−b˙T b˙
 . (5.14)
The above equation can be expressed as a linear algebra problem, AX=Y. The solution to which
exists if Y lies in the range space of A. Once we know the solution to this equation exists at any
time ’t’ for any given external forces f1 and f2 which it does as proved in [45], we can say that the
solution is unique owing to the full column rank attribute of A at every time instant. Therefore,
denoting a matrix pseudo inverse by the superscript "+", the unique solution for b¨ is:
b¨ =
 b˜
bT

+  6m b˜(f2 − f1)
−b˙T b˙
 (5.15)
=
1
l2
[− 6
m
b˜b˜(f2 − f1)− bb˙T b˙] (5.16)
Since, b˜b˜ = −l2I+bbT . Rearranging Equation 5.16 gives the final form of the vector equations
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for rotational dynamics:
m
12
b¨ = − 1
2l2
bbT (f2 − f1) + 1
2
(f2 − f1)− m
12l2
bb˙
T
b˙. (5.17)
Matrix Formulation for the Structure Dynamics We have defined the dynamics for a single
bar in the previous section. Now, we can make use of certain connectivity matrices to describe the
full network of a tensegrity structure with β rod members and σ strings and write the dynamics for
the entire structure in a matrix form.
On defining the string connectivity matrix by CTS , and the rod connectivity matrix by C
T
B , we
can aggregate all individual bars and strings into a bar matrix (B = NCTB) and a string matrix
(S = NCTS ) . Additionally, we define a matrix to express all the inertial position vectors of the
center of mass of β bars as R = NCTR .
For any n-dimensional column vector, the“hat" operator over a vector is defined to provide a di-
agonal matrix from the elements of the vector and the b◦c operator, which sets every off-diagonal
element of the square matrix operand to zero [49].
1
2
(f2i − f1i) =
1
2
[FCTB ]i, (5.18)
On implementing the above equation in 5.10 where F contains the the net force vectors [f1, f2.....f2β]
acting on every node, we get:
B¨
mˆ
12
=
1
2
FCTB −
1
2
Blˆ−2bBTFCTBc −B
mˆ
12
lˆ−2bB˙T B˙c (5.19)
On the introduction of a new variable λˆ, the above expression is further simplified into:
λˆ = − mˆ
12
lˆ−2bB˙T B˙c − 1
2
lˆ−2bBTFCTBc (5.20)
B¨
mˆ
12
=
1
2
FCTB +Bλˆ, (5.21)
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The matrix expressions for the rotational and translational dynamics of the full tensegrity sys-
tem can be represented as:
[
B¨ R¨
] mˆ12 0
0 mˆ
+ [B R]
−λˆ 0
0 0
 = F [1
2
CTB 2C
T
R
]
. (5.22)
Using
[
1
2
CTB 2C
T
R
]−1
=
[
CTB C
T
R
]T
, we get:
[
B¨ R¨
] mˆ12CB
mˆCR
+ [B R]
−λˆCB
0
 = F. (5.23)
On expanding the above equations by including the node matrices and connectivity matrices
leads:
N¨(CTB
mˆ
12
CB + C
T
RmˆCR)−N(CTB λˆCB) = F. (5.24)
The tension vector in a string can be found as ti = siγi where si is associated with the ith column
of matrix S and γ can be read as normalized tension. Therefore, the internal forces acting on nodes
caused by string tensions areNCTS γˆCS which can be used to form a force matrix expression which
on substitution into Equation 5.24 leads:
F = W −NCTS γˆCS (5.25)
N¨(CTB
mˆ
12
CB + C
T
RmˆCR) +N(C
T
S γˆCS − CTB λˆCB) = W (5.26)
Finally, a simplified expression for dynamics of Tensegrity structures can be formulated as:
N¨M +NK = W (5.27)
K = CTS γˆCS − CTB λˆCB (5.28)
M = CTB
mˆ
12
CB + C
T
RmˆCR (5.29)
86
Class K dynamics All Class k (k > 1) joints are converted into k Class 1 nodes which are
constrained to coincide at all times with the help of Lagrange multipliers using the constraint
equation as:
NP = D, (5.30)
where P is a n × c and D is a 3 × c matrix with c denoting the number of constraints. On
incorporating the resulting constraint forces denoted by Ω into the dynamics, we get
N¨M +NK = W + ΩP T (5.31)
where
K =
[
CTS γˆCs − CTB λˆCB
]
, (5.32)
λˆ = − mˆ
12
lˆ−2bB˙T B˙c − 1
2
lˆ−2bBT (W + ΩP T − SγˆCS)CTBc, (5.33)
and Ω is the 3× c matrix of Lagrange multipliers.
The dynamics Equation 5.31 can be reduced into a smaller dimensional equation by augment-
ing it with the constraint Equation 5.30. Singular value decomposition (SVD) of matrix P can be
done as:
P = UΣV T =
[
U1 U2
]Σ1
0
[V T] (5.34)
where U ∈ Rn×n and V ∈ Rc×c are both unitary matrices, and Σ1 ∈ Rc×c is a diagonal matrix of
positive singular values. By defining
[η1 η2] = [NU1 NU2], (5.35)
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the constraint Equation 5.30 can be modified as:
NUΣV T = [η1 η2]
Σ1
0
[V T] = D, (5.36)
Recognizing,
η1 = DV Σ
−1
1 , η˙1 = 0, η¨1 = 0. (5.37)
we can say, η1 represents the space with zero motion in transformed coordinates and η2 can be
used to write the dynamical equations in the reduced subspace. Using Equations 5.34-5.37, the
dynamics equation 5.31 can be rewritten as:
N¨UUTM +NUUTK = W + ΩV ΣTUT (5.38)
η¨2U
T
2 M + η1U
T
1 K + η2U
T
2 K = W + ΩV Σ
T
1U
T
1 . (5.39)
Post-multiplying the above equation by [U2 M−1U1] yields
η¨2U
T
2 MU2 + η2U
T
2 KU2 = WU2 − η1UT1 KU2 (5.40)
NKM−1U1 − ΩP TM−1U1 = WM−1U1. (5.41)
First equation in 5.41 is used as the dynamics equation for tensegrity structures in the reduced
space while the second equation is linear in the Lagrange multiplier (Ω) and is used for its evalua-
tion. One can see K is also a function of Ω, making it a linear algebra problem.
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